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Abstract

The influence of noise on the standard deviation of spectral integrals is examined. Calculations assuming discrete Fourier-transform data
are compared with Monte-Carlo simulations. The effects of zero-filling and apodization are examined for free-induction-decay (FID) signals
and for symmetric spin–echo signals in one and two dimensions, with particular attention to features not previously presented in the liter-
ature. Findings suggest that for mild apodization, the known sensitivity enhancement due to zero-filling in either the real or the imaginary
part signal [E. Bartholdi, R.R. Ernst, Fourier spectroscopy and the causality principle, J. Magn. Reson., 11 (1973) 9–19] is maintained; how-
ever, for stronger apodization filters, this enhancement can be obliterated completely. It is shown that results obtained by analysis of one-
dimensional signals can be readily applied to multi-dimensional data. Furthermore, zero-filling has a negligible effect for symmetric spin–
echo signals with implications for signal averaging in magnetic resonance imaging and spectroscopic imaging.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that the extension of a discretely sampled
time-domain signal by zeroes (zero-filling) to twice the num-
ber of data points is equivalent to an interpolation process,
which increases the information content of either absorption
or dispersion mode signal by the amount of additional infor-
mation contained in the other signal [1]. This also doubles
the signal energy, and hence increases the maximum sig-
nal-to-noise ratio (SNR) by a factor of

ffiffiffi
2
p

[1]. At the same
time, zero-filling can be interpreted as a means of increasing
effective spectral resolution [2]. Zero-filling beyond twice the
number of original data points only leads to a trigonometric
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interpolation, which provides no further SNR enhancement
[1], and allows resolution enhancement only in rare cases [2].
Another widely used procedure for sensitivity enhancement
is apodization, i.e., the multiplication of the time-domain
signal with a window function that typically attenuates the
parts of the signal that exhibit low SNR [2]. Both, zero-filling
and apodization significantly impact the influence of noise
on results of direct summation of spectral points (spectral
integration) in Fourier-transformed data. In spite of the fact
that frequency-domain and time-domain fitting procedures
for spectral quantification have gained in popularity in
recent years, spectral integration is still widely used.1
1 The terms time-domain and frequency-domain are chosen because of
their relevance to NMR spectroscopy. In the general case of Fourier-
transform reconstruction applied to discretely sampled data, they can be
replaced by acquisition domain and reconstruction domain, respectively.



2 The factor 1/N0 represents the spectral resolution, Dm : I ¼
R m2

m1
W ðmÞdm

�
P‘2 W ‘ � Dm ¼ 1

0
P‘2 W ‘.
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Examples include high-resolution NMR spectroscopy [3],
in vivo 13C NMR spectroscopy [4], in vivo 1H NMR spectros-
copy [5,6], as well as in vivo 2D 1H NMR spectroscopy [7].
Furthermore, the widely used averaging of voxel intensities
in magnetic resonance spectroscopic imaging (MRSI) or
magnetic resonance imaging (MRI) needs to be included if
Fourier-transform reconstruction is applied for image for-
mation. The drawbacks of the direct summation approach,
including systematic errors [8–12] and random errors
[8,10,13–15], have been discussed to some extent in the liter-
ature. However, in most studies of random errors, NMR
data was treated as continuous [8,10,13,14]. Even though,
this approach has certain advantages, it fails to take into
account the effects of zero-filling. While in the work by
Bourg and Nuzillard [15] the discrete nature of the NMR
data was appreciated, several aspects of the influence of
noise on peak integrals obtained by direct summation were
neglected. In this communication, recognizing the absence
of a thorough analysis of the effects of zero-filling and
apodization on the standard deviation of spectral integrals
for discretely sampled free-induction decay (FID) and
spin–echo signals in one and multiple dimensions, errors in
spectral integrals due to random noise will be discussed.
The importance of zero-filling in combination with apodiza-
tion, and, for symmetric spin–echo signals, temporal shifting
of the signal will be discussed in the context of 1D and 2D
NMR spectroscopy, as well as MRSI. The theoretical
analysis of the signal properties will be validated with
Monte-Carlo simulations. This treatment is based in part
on our earlier work [16].

2. Theory

In the following, a discrete, one-dimensional time-domain
signal will be considered, consisting of N uncorrelated, com-
plex noise values (additive Gaussian white noise), wn

(n = 0, . . .,N � 1), with zero mean and standard deviation
rt. The standard deviation of the spectral integral obtained
by direct summation over I 0 points after zero-filling, apodi-
zation and an optional shift of the time-domain signal prior
to Fourier transform (FT) will be calculated. The shift by M

points (0 �M < N) is needed in case of spin–echo signals in
order to place the point corresponding to the echo time, i.e.,
t = 0, at the start of the signal array. A sampling interval of
Dt = 1 is assumed corresponding to a spectral resolution of
1/N. After FT, the spectral noise is given by

W ‘ ¼
XN 0�1

n¼0

w0nan expð�2pin‘=N 0Þ; ð1Þ

where i is the imaginary unit, ‘ = �N 0/2, . . ., (N 0/2) � 1,
and the coefficients an represent the values of a time-do-
main apodization function. With zero-filling from N to
N 0 points

w0n ¼
wn for 0 � n < N � N 0

0 otherwise:

�
ð2Þ
Applying the time shift by M points to the left,

w0n ¼
wnþM for 0 � n < N �M

0 for N �M � n < N 0 �M

wnþM�N 0 for N 0 �M � n < N 0:

8><
>: ð3Þ

Taking the sum in Eq. (1) over these three index ranges, a
suitable conversion of summation indices can be used and
the result summarized as follows:

W ‘ ¼ expð2piM‘=N 0Þ �
XN�1

n¼0

wnan expð�2pin‘=N 0Þ: ð4Þ

This reflects, of course, the well-known fact that the shift of
the time-domain signal corresponds to a phase rotation in
the spectrum. Since the FT represents a weighted sum
of the values of the time-domain signal, the mean of the
spectral noise, W‘, remains zero. Note that for a FID sig-
nal, the shift parameter M is 0, and the signal value at
the first time point is multiplied by 1/2. This multiplication
accounts for the fact that only non-negative sampling times
are considered, and consequently only half of the first sam-
pling interval centered at t = 0 falls into the acquisition
window [17]. It can be shown that if the entire spectrum
is summed (integrated), the standard deviation of the result
is rN 0 ¼ rt for a spin–echo-type signal, regardless of zero-
filling and shift of the time-domain signal, or rN 0 ¼ rt=2
for an FID signal, regardless of zero-filling. This is in
agreement with the fact that in this case, the integral value
is identical with the value of the time-domain signal at time
t = 0. Note that for the purposes of this communication,
the standard deviation of the complex-valued spectral inte-
gral is represented by the standard deviation of the real
part, which is identical to that of the imaginary part. If,
in general, the I 0 spectral points of the interval [‘1, . . ., ‘2],
with ‘2 = ‘1 + I 0 � 1 and 1 < I 0 � N 0, are integrated, the
variance of the resulting integral2

I :¼ 1

N 0
X‘2

‘¼‘1

W ‘ ð5Þ

is given by

V ðIÞ ¼ EðjIj2Þ

¼ 1

N 02
X‘2

n;m¼‘1

EðW nW �
mÞ

¼ 1

N 02
X
n;m

E

(
expðþ2piMn=N 0Þ

XN�1

j¼0

wjaj expð�2pijn=N 0Þ

� expð�2piMm=N 0Þ
XN�1

p¼0

w�pap expðþ2pipm=N 0Þ
)

¼ 1

N 02
X
n;m

X
j;p

Eðwjw
�
pÞajap exp½�2piððj�MÞn� ðp �MÞmÞ=N 0�:
‘¼‘1 N ‘¼‘1
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Here, Eq. (4) was used, and the asterisk denotes complex
conjugation. Since wj and w�p are uncorrelated, only the
terms with j = p remain

V ðIÞ ¼ 1

N 02
X
n;m

XN�1

j¼0

Eðjwjj2Þa2
j exp½�2piðj�MÞðn� mÞ=N 0�: ð6Þ

In the derivation leading to Eq. (6), the expressionP‘2

n;m¼‘1
EðW nW �

mÞ represents the sum of covariances be-
tween all pairs of spectral points within the integration
interval. Therefore, the variance of the integral I repre-
sents a measure of correlation among the spectral points
integrated [18].

The expectation value in Eq. (6) is the variance of the com-
plex-valued time-domain noise and equals 2r2

t for spin–
echo-type signals for all j and for FID signals for j „ 0, and
r2

t =2 for FID signals for j = 0. As mentioned earlier, the stan-
dard deviation of the real and the imaginary part of I is given
by rN 0 ðI 0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V ðIÞ=2

p
, which will be written as

rN 0 ðI 0Þ ¼ rt

ffiffiffiffi
X
p

N 0
: ð7Þ

The quantity X is defined as

X SE :¼
X‘2

n;m¼‘1

XN�1

j¼0

a2
j exp½�2piðj�MÞðn� mÞ=N 0�; ð8aÞ

for spin–echo-type signals, and as

X FID :¼
X‘2

n;m¼‘1

XN�1

j¼1

a2
j exp½�2pijðn� mÞ=N 0� þ 1

4

( )
ð8bÞ

for FID signals. Here and in the following, equations with
a label ‘‘a’’ apply to spin–echo signals, while those with a
label ‘‘b’’ apply to FID signals. In Eq. (8b), it is assumed
that a0 ” 1 for any apodization filter. Note that it follows
from the form of Eq. (7) that if the spectral noise within
the integration interval is uncorrelated, the quantity X is
proportional to the number of integrated points, I 0, corre-
sponding to incoherent averaging of noise [19,20].

The expressions for X given in Eqs. (8a) and (8b) can be
simplified as follows:

X SE ¼
XN�1

j¼0

a2
j

X
n>m

exp½�2piðj�MÞðn� mÞ=N 0�f

þ exp½þ2piðj�MÞðn� mÞ=N 0�g þ I 0
XN�1

j¼0

a2
j ; ð9aÞ

and

X FID ¼
XN�1

j¼1

a2
j

X
n>m

exp½�2pijðn� mÞ=N 0�f

þ exp½þ2pijðn� mÞ=N 0�g þ I 0
XN�1

j¼1

a2
j þ

1

4
I 02; ð9bÞ

where the last term in Eq. (9a) and the last two terms in Eq.
(9b) result from the summation of all terms with n = m.
Each difference d :¼ n � m, with d 2 [1, . . ., I 0 � 1], for
n > m, is present (I 0 � d) times. Therefore, using
A :¼

PN�1
j¼0 a2

j :

X SE ¼
XN�1

j¼0

a2
j

XI 0�1

d¼1

ðI 0 � dÞ½exp½�2piðj�MÞd=N 0�f

þ exp½þ2piðj�MÞd=N 0��g þ AI 0; ð10aÞ
and

X FID ¼
XN�1

j¼1

a2
j

XI 0�1

d¼1

ðI 0 � dÞ½exp½�2pijd=N 0�f

þ exp½þ2pijd=N 0��g þ I 0ðA� 1Þ þ 1

4
I 02: ð10bÞ

With the definition q± :¼ exp(±2pid/N 0), Eqs. (10a) and
(10b) become

X SE ¼ AI 0 þ
X

d

ðI 0 � dÞ
XN�1

j¼0

a2
j ðqj�M
� þ qj�M

þ Þ
" #

; ð11aÞ

and

X FID ¼ I 0ðA� 1Þ þ 1

4
I 02 þ

X
d

ðI 0 � dÞ
XN�1

j¼1

a2
j ðqj
� þ qj

þÞ
" #

:

ð11bÞ
In the following, three cases will be considered: (i) general
apodization; (ii) exponential apodization; and (iii) no
apodization.

2.1. General apodization

In the inner sum of Eqs. (11a) and (11b), the identity
qk
� þ qk

þ ¼ 2 � cos½2pdk=N 0� can be used, where k is either
j �M (Eq. (11a)) or j (Eq. (11b)):

X SE ¼ AI 0 þ 2
X

d

ðI 0 � dÞ
XN�1

j¼0

a2
j cos½2pdðj�MÞ=N 0�

( )
;

ð12aÞ
and

X FID¼ I 0ðA�1Þþ1

4
I 02þ2

X
d

ðI 0 �dÞ
XN�1

j¼1

a2
j cos½2pdj=N 0�

( )
:

ð12bÞ

However, in general, the presence of the apodization coef-
ficients will not allow further simplification.

2.2. Exponential apodization

The apodization coefficients aj = exp(�apjDt), with line
broadening a and sampling interval Dt in the time-domain,
can be incorporated into the expressions for q± allowing
evaluation of the geometrical sums:

BSE	ðdÞ :¼
XN�1

j¼0

exp½�2apjDt 	 2pidðj�MÞ=N 0�

¼ expð
2pidM=N 0Þ 1� expð�2apNDt 	 2pidN=N 0Þ
1� expð�2apDt 	 2pid=N 0Þ ; ð13aÞ
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and

BFID	ðdÞ :¼
XN�1

j¼1

exp½�2apjDt 	 2pidj=N 0�

¼ 1� expð�2apNDt 	 2pidN=N 0Þ
1� expð�2apDt 	 2pid=N 0Þ � 1: ð13bÞ

Similarly, the geometric sum defining

A ¼
PN�1

j¼0 expð�2apjDtÞ can be evaluated leading to

A ¼
XN�1

j¼0

expð�2apjDtÞ ¼ 1� expð�2apNDtÞ
1� expð�2apDtÞ : ð14Þ

Thus, only a single sum remains to be evaluated in the
expression for X, and Eqs. (11a) and (11b) become

X SE ¼ I 0
1� expð�2apNDtÞ
1� expð�2apDtÞ

þ
XI 0�1

d¼1

ðI 0 � dÞ½BSEþðdÞ þ BSE�ðdÞ�f g; ð15aÞ

and

X FID ¼ I 0
1� expð�2apNDtÞ
1� expð�2apDtÞ � 1

� �

þ 1

4
I 02 þ

XI 0�1

d¼1

½ðI 0 � dÞðBFIDþðdÞ þ BFID�ðdÞÞ�: ð15bÞ
2.3. No apodization

With all aj = 1, the inner sum in Eqs. (11a) and (11b) can
be evaluated as a geometric sum (see Appendix A) and
rewritten as

X SE ¼ NI 0

þ
XI 0�1

d¼1

ðI 0 � dÞ
sin½pdð1þ 2MÞ=N 0� þ sin½2pdðN � 1

2
�MÞ=N 0�

sinðpd=N 0Þ

� �
;

ð16aÞ
and

X FID ¼ I 0 N � 1

4
I 0 � 1

2

� �

þ
XI 0�1

d¼1

ðI 0 � dÞ
sin 2pd N � 1

2

� �
=N 0

	 

sinðpd=N 0Þ

� �
: ð16bÞ

In the absence of zero-filling (I 0 = I, N 0 = N), it is straight-
forward to show [16] that

rN ðIÞ¼rt

ffiffiffiffi
X
p

N
¼

rt

ffiffiffi
I
N

q
for spin–echo signals and ð17aÞ

rt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
I
N� 3I2

4N2

q
for FID signals: ð17bÞ

8><
>:

Note that I/I 0 = N/N 0. The result for spin–echo signals re-
flects the incoherent addition of uncorrelated spectral
noise. It furthermore shows again that if the entire spec-
trum were to be integrated, i.e., I = N, rN = rt for spin–
echo signals, and rN = rt/2 for FID signals. Note that
for FID signals, the multiplication of the first point by 1/2
introduces a correlation of the spectral noise as demonstrat-
ed by the deviation of rN(I) in Eq. (17b) from the proportion-
ality rN ðIÞ /

ffiffi
I
p

expected for uncorrelated spectral noise
[19,20]. In fact, it can be shown that, without this multiplica-
tion, the spectral noise remains uncorrelated [16].

In addition, for FID signals, the result for zero-filling with
N 0 = 2N can be derived analytically (see Appendix B) to be

X FID ¼ 2I N � 1

2
I � 1

2

� �
þ I ¼ 2I N � 1

2
I

� �
; ð18Þ

and therefore

r2N ðIÞ ¼ rt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I

2N
� I2

4N 2

s
: ð19Þ

Here, the quantities I 0 and N 0 are, respectively, expressed in
terms of the interval size and number of data points in the
spectrum obtained without zero-filling. Again, the devia-
tion of r2N(I) from the proportionality r2N ðIÞ /

ffiffi
I
p

indi-
cates a correlation among the spectral noise within the
integration interval. In fact, it can be shown that, even
without the multiplication of the first point by 1/2, zero-fill-
ing causes a correlation among spectral points [16].
3. Results

In Figs. 1–4 are shown results of Monte-Carlo simula-
tions (symbols) in comparison to predictions (lines) based
on the theory outlined in the previous section (see caption
of Fig. 1 for more details on the simulations). In particular,
Fig. 1 shows the standard deviation of integrated noise,
rN 0 , in units of the standard deviation of noise in the
FID signal, rt, plotted against the integrated fraction of
the spectrum, I 0/N 0. Good agreement between the predicted
values and the simulation results is obtained for (i) no zero-
filling, (ii) zero-filling only, and (iii) zero-filling and expo-
nential apodization. Fig. 2 shows rN 0=rt, plotted against
the number of spectral points after zero-filling, N 0, in units
of N. The theoretical predictions match the simulated data
well for all values of exponential line broadening applied.
Fig. 3 shows the ratio of the standard deviation of integrat-
ed noise based on an FID signal processed without zero-
filling, rN, versus with zero-filling, r2N, plotted against
the strength of the apodization filter. For both, exponential
and Gaussian filters, good agreement between simulations
and theory can be observed. Note that without apodization
and for the small integration interval considered in Fig. 3,
rN/r2N approaches the value of

ffiffiffi
2
p

in agreement with Eqs.
(17b) and (19) for the limiting case I� N. The effect of the
time shift, by M points, prior to FT is demonstrated in
Fig. 4, which shows rN 0=rt versus N 0/N. For both cases,
M = 0 and M = N/2, good agreement between simulated
data and prediction is observed.

In Fig. 5 is shown the ratio of the standard deviation of
integrated noise, rN 0 ;N 0 ðI 0; J 0Þ, with zero-filling N 0 = 2N ver-
sus N 0 = N according to a two-dimensional Monte-Carlo
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according to Eqs. (7) and (16b) (i), and Eqs. (7) and (12b) ((ii)–(iv)).
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Fig. 1. Standard deviation of integrated noise, rN 0 , in units of the standard
deviation of noise in the FID signal, rt, according to a Monte-Carlo
simulation, plotted against the integrated fraction of the spectrum. Five
thousand independent realizations of complex-valued Gaussian white
noise (zero mean, standard deviation rt) with N = 64, spectral
width = 78 Hz, were processed: (i) without zero-filling (N 0 = N) or
apodization (full circles), (ii) with zero-filling only (N 0 = 2N; open
diamonds), and (iii) with zero-filling (N 0 = 2N) and with exponential
apodization (a = 2.0 Hz; open triangles). All simulations and calculations
were carried out using IDL (Interactive Data Language, Research Systems
Inc., Boulder, CO). Solid lines represent calculations according to: Eq.
(17b) (i), Eq. (19) (ii), and Eqs. (7) and (12b) (iii).
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Fig. 3. Ratio of the standard deviation of integrated noise obtained for an
FID signal without zero-filling versus zero-filling with N 0 = 2N according
to a Monte-Carlo simulation, plotted against the strength of the
apodization filter (see caption for Fig. 1 for more details on the
simulation). Each integration was carried out over the equivalent of
I = 3 spectral points. Data shown are for: (i) exponential apodization
(open diamonds), and (ii) Gaussian apodization (full circles). Lines
represent calculations according to Eqs. (7) and (12b).
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simulation without apodization or time-domain signal shift.
The result is plotted against the integrated fraction of the
spectrum in each dimension, I 0/N 0 and J 0/N 0. For simplicity,
only rectangular integration intervals are considered. The
calculations according to Eqs. (7) and (16b), represented
by the black dashed lines in Fig. 5, rely on the fact that the
Fourier transform of the two-dimensional time-domain sig-
nal can be separated into a product of two one-dimensional
transforms [14]. Furthermore, the first point of each FID in
each of the two dimensions is multiplied by 1/2 [17].

4. Discussion

As mentioned earlier, the spectral interpolation effective-
ly introduced by zero-filling, increases the information con-
tained in each the real and the imaginary part of the signal
by the amount of additional information contained in the
respective other part [1]. While a maximum sensitivity
enhancement by a factor of

ffiffiffi
2
p

is expected for N 0 = 2N,
adding more zeroes to the time-domain signal does not lead
to any further gain. Our results are in agreement with these
statements. It was shown that for small integration inter-
vals, I 0 � N 0, and provided that no shift was applied to
the time-domain signal prior to FT, the relation
rN 0=rN ! 1=

ffiffiffi
2
p

holds. It can be shown that this corre-
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3 In general, however, it is not required that N0 is an integer multiple of
N.

4 In fact, for I = 1, the integral corresponds to the direct sum of all time-
domain points.
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sponds to the maximum sensitivity enhancement achiev-
able by zero-filling. For larger integration intervals, the ra-
tio rN 0=rN will be larger, approaching a value of 1 for I 0

and I approaching N 0 and N, respectively. This is based
on the fact that full spectral integration always yields
rN 0 ðI 0 ¼ N 0Þ ¼ rt (spin–echo) or rN 0 ðI 0 ¼ N 0Þ ¼ rt=2
(FID), regardless of the value of N 0. Consequently, it
may be advantageous to limit spectral integration to the
smallest possible interval in order to preserve the sensitivity
enhancement provided by zero-filling. As Figs. 2 and 4
demonstrate, zero-filling beyond N 0 = 2N does not lead
to any further reduction in the standard deviation of the
spectral integral, in agreement with [1]. In particular, with-
out apodization or time shift, Eq. (19) describes the stan-
dard deviation of the spectral integral for any N 0 = nN,
with3 n � 2. As shown in Fig. 1 for the case of an FID sig-
nal, the standard deviation of the spectral integral increases
with increasing integration interval until it reaches a local
maximum, after which it falls towards the value of rt/2
for integration of the full spectral width. For small integra-
tion intervals, all time-domain points contribute with near-
ly equal weights to the integral,4 which explains the strong
initial increase in rN. For larger integration intervals, the
signal value at t = 0 increasingly dominates the result,
which reduces the increase in rN, and finally, for intervals
close to the full spectral width, rN approaches rt/2. These
observations are a direct result of the correlation between
spectral points caused by the multiplication of the first
point in the FID by 1/2. It should be noted that without
and with zero-filling, according to Eqs. (17b) and (19),
respectively, the correlation tends to disappear for small
integration intervals, as the approximations rN ðIÞ /

ffiffi
I
p

and r2N ðIÞ /
ffiffi
I
p

for I� N reveal.
Fig. 4 shows that application of a left-shift to the time-do-

main signal by M = N/2 points after zero-filling but prior to
FT causes zero-filling to be largely ineffective in reducing the
standard deviation of the spectral integral. In practice, this
shift would be applied to symmetrically acquired spin–echo
signals with the additional zeroes introduced by zero-filling
to the right of the measured N points. As is well known,
the FT of the symmetric, noise-free spin–echo signal produc-
es a spectrum whose imaginary part is exactly zero. The en-
tire information is therefore contained in the real part.
This is true with or without zero-filling. From this and the
above discussion for the case of M = 0 it could be assumed
that zero-filling would have no effect on the standard devia-
tion of the spectral integral. However, since the random nat-
ure of the noise effectively breaks the symmetry, a small effect
is still obtained as shown in Fig. 4 for a small integration
interval. Nevertheless, for all practical purposes, the effect
of zero-filling can be neglected in the case of symmetric
spin–echo signals.

Fig. 2 demonstrates the effect of exponential apodization
on the standard deviation of the spectral integral. As
expected, the standard deviation is reduced with increasing
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line broadening. Although it may seem possible that this
reduction, in combination with zero-filling, could provide
even higher sensitivity enhancement, this is, in fact, not
the case. In Fig. 2, it can be seen that the reduction in
the standard deviation due to zero-filling is also reduced
as compared to processing without zero-filling. In particu-
lar, the difference in rN 0=rt between N 0 = N and N 0 > N is
decreasing with increasing strength of the apodization fil-
ter. This is shown in more detail in Fig. 3 for exponential
and Gaussian apodization. Here the ratio rN/r2N is shown
to decrease from its maximum value,

ffiffiffi
2
p

(without apodiza-
tion; see above), to values close to 1 for relatively moderate
line broadening values. This behavior is due to the apodi-
zation filter imposing a correlation between the real and
imaginary parts of the time-domain signal [1]. Thus, the
two parts no longer contain independent information,
and the transfer of information from one part into the
other due to zero-filling described above becomes increas-
ingly negligible.

Since the spatial dimensions in MRSI are usually sam-
pled on a symmetric grid around the center of k-space
and FT is used for spatial reconstruction [21–23], the
above discussion of zero-filling for symmetric spin–echo
signals indicates that zero-filling will have a negligible ef-
fect on spatial integrals (voxel averages). If the time-di-
mension is sampled from an FID signal, zero-filling in
this dimension will, of course, still have the same effect
on the standard deviation of spectral integrals described
above.

The result shown in Fig. 5 demonstrates that the results
presented in this communication for one-dimensional sig-
nals can be extended to multiple dimensions in a straight-
forward manner. Note that complex-valued spectral data
was considered. While magnitude-mode spectral 2D data,
1D cross-sections, or projections onto a one-dimensional
axis are often used in the analysis of 2D NMR data, com-
plex-valued data was used here for illustration purposes.
Since the noise behavior will depend on the axis chosen
for cross-section or projection, and since the noise distribu-
tion in magnitude data depends on the signal intensity [24],
a general analysis of the standard deviation of integrals of
2D spectral data is difficult. The same is true for integrals
calculated for arbitrarily shaped integration regions, which
is why only rectangular integration regions are considered
here. The integral over the entire spectral data (data not
shown) yields rN 0;N 0 ¼ rt=4 [14], regardless of the value of
N 0, which again reflects the fact that the full integral of
the spectral signal equals the value of the time-domain sig-
nal at time t1 = 0 and t2 = 0. At the other extreme, when
integration is limited to very small regions, Fig. 5 shows
that rN 0 ;N 0=rN ;N ! 1=2, consistent with the fact that the
two dimensions provide independent information such that
each of them contributes a factor 1=

ffiffiffi
2
p

.
The majority of studies that examined the properties of

integrals obtained from FT spectroscopic data treated
either the time-domain signal [8,10] or both the time-do-
main signal and the frequency-domain signal as continu-
ously sampled [13,14]. This approach fails to account for
zero-filling applied in the time-domain and the influence
it has on how noise is propagated into spectral integrals.
In the worst case, this approach can lead to the incorrect
conclusion that zero-filling is of no consequence for spec-
tral integration [13]. In addition, in most of these studies,
simulations to validate expressions were absent, and if they
were conducted, zero-filling was excluded a priori [13]. Pre-
viously, Bourg and Nuzillard presented an analysis that
accounted for the discrete nature of NMR data [15]. How-
ever, simulations were again missing, and neither time
shifts nor the multiplication of the first point of an FID
by 1/2 was accounted for in their approach. Furthermore,
several expressions derived in that work described the stan-
dard deviation of spectral integrals incorrectly. For exam-
ple, Eq. (12) in [15], on which Eqs. (15) and (17) in [15]
are based, states that in the absence of apodization
r2

I ¼ r2
F

Pn�1
k¼0½sinðkmp=NÞ= sinðkp=NÞ�2, where rI is the

standard deviation of the spectral integral carried out over
m points, and rF is the mean standard deviation of the
time-domain signal consisting of n sampling points, and
zero-filled to N points. If the entire spectral range were to
be integrated, i.e., if m = N, only the term with k = 0 would
remain in the sum with a value of 1, and rI = rF. However,
the authors state that, in their own notation, this result is
expected to be rI = n Æ rF.

5. Conclusions

This communication provides expressions allowing the
calculation of the standard deviation of spectral integrals
obtained from the Fourier-transform of discretely sam-
pled data as a function of zero-filling and/or apodization
applied and as a function of the integration interval. The
expressions derived were validated using Monte-Carlo
simulations, and a few approximations of practical
importance were presented. Our results are in agreement
with the basic findings in the seminal work by Bartholdi
and Ernst [1] but provide information that goes beyond
more recently published studies. It was demonstrated
that apodization tends to alleviate the reduction in stan-
dard deviation of spectral integrals obtained by zero-fill-
ing. Even though, for mild apodization, some beneficial
effect may be preserved, stronger apodization filters that
are often encountered in practice can obliterate it com-
pletely. Furthermore, the time shift applied to symmetric
spin–echo signals reduces the beneficial effect of zero-fill-
ing to a negligible level. Voxel averaging in multi-dimen-
sional spectroscopic imaging methods that use symmetric
sampling of k-space will therefore not benefit from zero-
filling in k-space. A similar conclusion can be drawn for
voxel averaging in many MRI methods. Results for 2D
NMR indicate that the calculations presented for 1D sig-
nals are readily expanded for multi-dimensional data,
although details of the data processing can complicate
the analysis. It was furthermore shown that the analysis
of the standard deviation of spectral integrals amounts to
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an analysis of correlation among the spectral points con-
tributing to the integral. In particular, it was demonstrat-
ed that multiplication of the first point in the FID signal
by a factor 1/2 causes a correlation among spectral
intensities. In addition, while in the absence of this mul-
tiplication and without zero-filling or apodization, spec-
tral intensities remain uncorrelated, both procedures
introduce a correlation affecting the standard deviation
of spectral integrals as a function of the length of the
integration interval. In order to achieve best results,
i.e., maximum SNR enhancement as compared to data
processed without zero-filling, it is advantageous to limit
the size of the integration interval.
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Appendix A. Derivation of Eqs. (16a) and (16b)

In the absence of apodization, the inner sum in Eq.
(11a), defined by C :¼

PN�1
j¼0 ðqj�M

� þ qj�M
þ Þ, can be evaluat-

ed as follows:

Cd ¼ pþ
XN�1

j¼0

qj
� þ p�

XN�1

j¼0

q j
þ with p	 :¼ q�M


 :

Evaluation of the geometric sums leads to

Cd ¼ pþ
1� qN

�
1� q�

þ p�
1� qN

þ
1� qþ

¼ pþ
1� qN

�
1� q�

� p�
q� � qN�1

þ
1� q�

¼
pþ � p�q� � pþqN

� þ p�qN�1
þ

1� q�

¼ pþq�1=2
� � p�qþ1=2

�
q�1=2
� � qþ1=2

�
þ p�q�Nþ1=2

� � pþqN�1=2
�

q�1=2
� � qþ1=2

�
:

Note that q+ = 1/q�. Substituting q± = exp(±2pid/N 0) and
p by the corresponding complex exponential functions
yields:

Cd ¼
exp½pidð1þ 2MÞ=N 0� � exp½�pidð1þ 2MÞ=N 0�

expðpid=N 0Þ� expð�pid=N 0Þ

þ
exp½2pidðN � 1

2
�MÞ=N 0� � exp½�2pidðN � 1

2
�MÞ=N 0�

expðpid=N 0Þ� expð�pid=N 0Þ

¼
sin½pdð1þ 2MÞ=N 0� þ sin½2pdðN � 1

2
�MÞ=N 0�

sinðpd=N 0Þ :

Substitution of the inner sum in Eq. (11a) by this result
for Cd (and observing that A = N) leads to Eq. (16a).
The inner sum in Eq. (11b), C0d :¼

PN�1
j¼1 ðqj

� þ qj
þÞ

¼
PN�1

j¼0 ðqj
� þ qj

þÞ � 2, can be evaluated in a similar way
yielding

C0d ¼
sin 2pd N � 1

2

� �
=N 0

	 

sinðpd=N 0Þ � 1:
Using this result in the evaluation of the inner sum in Eq.
(11b), i.e.,

PI 0�1
d¼1 ðI 0 � 1ÞC0d , yields Eq. (16b) after some

basic transformations.

Appendix B. Derivation of Eq. (18)

In the absence of apodization, and time shift, and for
zero-filling N 0 = 2N, the trigonometric term in Eq. (16b)
defined as Dd: = sin[2pd(N � 1/2)/N 0]/sin(pd/N 0) can be
rewritten as follows:

Dd ¼
sinðx� yÞ

sin y

¼ sin x cos y � cos x sin y
sin y

; with the definitions

x :¼ 2pdN
N 0
¼ pd and y :¼ pd

N 0
¼ pd

2N
:

Observing that

cos x ¼
þ1 for even d

�1 otherwise
; and sin x ¼ 0 for all d;

�

it follows that

Dd ¼
�1 for even d

þ1 otherwise:

�

Therefore, we obtain for the sum in Eq. (16b):

E : ¼
XI 0�1

d¼1

½ðI 0 � dÞDd � ¼
X2I�1

d¼1

½ð2I � dÞDd �

¼
XI

m¼1

½2I � ð2m� 1Þ�D2m�1f g þ
XI�1

n¼1

½ð2I � 2nÞD2n�

¼
XI

m¼1

½2I � ð2m� 1Þ� �
XI�1

n¼1

ð2I � 2nÞ

¼
XI

m¼1

1 ¼ I :

Substitution of this result into Eq. (16b) immediately yields
Eq. (18).
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